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Abstract: This paper proposes a two-dimensional elastic shell model to characterize the deformation of single-
walled carbon nanotubes using in-plane stiffness, Poisson ratio, bending stiffness and off-plane torsion stiffness 
as independent elastic constants. It was found that the off-plane torsion stiffness of a single-walled carbon 
nanotube is not zero due to the off-plane torsion induced change in the -p orbital electron density on both sides 
of the nanotubes. It was concluded that a three-dimensional elastic shell model of single-walled carbon nanotubes 
can be established with well-defined effective thickness.  
Keywords: bending stiffness, off-plane torsion stiffness, si ngle-walled carbon nanotubes, two-dimensional shell 
model, thickness, curve fitting. 
1 Introduction 
Mechanics of carbon nanotubes (CNTs) has been studied extensively in the last fifteen years and some cost-
effective continuum models, such as thin shell [1,2],  beam [3] and ring [4] as well as o ther continuum models [5,6], 
have been proposed to capture the  new physical phenomena, quantify the mechanical properties and identify the 
major factors that affect the mechanical behavior of CNTs, which have been difficult for experimental testing and 
atomistic numerical simulations. Nevertheless, there exist some fundamental is sues in using continuum models. 
For example, the reported effective thickness of SWCNTs ranges from 0.0612nm to 0.69nm [1,4,7-22], whose 
magnitude difference is more than an order . Moreover, one even obtained an unintuitive zero (off-plane) torsion 
stiffness for SWCNTs [26], which leads to a loading condition-dependent effective thickness of SWCNTs. All 
these challenge the validity of the constitutive continuum models for SWCNTs. 
To further examine these issues for SWCNTs, this paper proposes a shell model without using the currently 
debatable Youngs modulus and wall thickness, but employing in-plane stiffness, bending stiffness, off-plane 
torsion stiffness and Poisson ratio as the independent elastic constants which can be directly measured in the 
virtual experiments via atomistic simulations. This model will then be applied to study the vibration spectra for 
SWCNTs to extract the off-plane torsion stiffness and bending stiffness by comparing the shell model with 
atomistic models.   
2 Two-dimensional shell model 
Circular cylindrical SWCNTs have been viewed as the shells rolled up from 2D, almost isotropic graphite sheets. 
The constitutive relations of such 2D elastic shells are governed by in-plane stiffness extensionK , Poisson ration  (or 
in-plane shear stiffness shearK ), bending stiffness bendingD  and off-plane torsion stiffness torsionD  (see Eq.5.9 of 
[27]), which can be regarded as independent parameters. On the other hand, if a three-dimensional (3D) shell 
theory is used, these quantities can be related to shell wall thickness h , Youngs modulus E  and shear modulus 
G by 21 n-
=
EhKextension , GhKshear = , )1(12 2
3
n-
=
EhDbending  and 12
3GhDtorsion = [27, 28], and therefore there will 
exist the following relationship [27, 28]: 
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2 
The substitution of the 2 D constitutive relations of elastic shells (e.g., Eq.5.9 of Ref.27 with )1( n-bendingD  
replaced by tensionD2 ) into the equations of motion for 2D cylindrical shells (e.g., Eq. 5.2 of Ref.27 and Eq. 301 of 
Ref.28) brings about the following dynamic equations for the free vibration of SWCNTs: 
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where x  and j  are axial coordinate and circumferential angular coordinate, u  v  and w  are longitudinal, 
circumferential and (inward positive) radial displacements, R is radius, r is the masse density per unit area and t  
is time. For simply supported ends of SWCNTs the solution to (2) reads 
ti
x enxkUtxu
wjj ××= coscos),,( ,  
ti
x enxkVtxv
wjj ××= sinsin),,( ,   
ti
x enxkWtxw
wjj ××= cossin),,( ,                                                                                                                     (3) 
whereU , V  and  W  are the vibration amplitudes in three coordinate directions, xk ( l
p2
=xk , l  is axial wave 
length) is the wave vector in x direction, n  is the circumferential wave number and w  is angular freque ncy which 
is related to frequency f  by f×= pw 2 . The substitution of this solution into (2) leads to 3 eigen-equations. The 
condition of non-zero solution of (U, V, W) yields the vibration frequency and associated modes for SW CNTs. The 
value of extensionK  obtained in most of previous studies [1, 7-14, 16, 21, 28-29]
 mainly falls in the range of 330 to 
2/363 mJ  and n  varies form 0.14 to 0.34. Thus, throughout this paper  2/350 mJKextension =  and 2.0=n  will 
be used for SWCNTs.  
3 
3 Vibration spectra of SWCNTs 
The above 2D shell model can be used to calculate the vibration spectra (i.e., f - xk  relationship) for SWCNTs. 
To this end let us consider a (10, 10) SWCNT. The frequency ( f )-wave vector ( xk ) curves of this SWCNT are 
calculated based on the present shell model for axisymmetric radial (R), longitudinal (L), and torsion (T) modes 
with 0=n , and beam-like bending (B) modes with 1=n . It is easy to understand that these vibration modes of 
SWCNTs are primarily determined by extensionK  and n  (or shearK ). The results are shown in Figure1 a, b and c in 
comparison with those given by a lattice model [29], a continuum model [30] and a lattice dynamics model [31], 
respectively. A good agreement has been achieved, especially in the limit of long axial wave length l , i.e., short 
wave vector xk .  
 
 
Figure 1 Comparison between the 2D shell model and (a) ab initio calculation [30], (b) a continuum model [31] and a 
lattice dynamics mode [32] for the vibration spectra of SWCNT (10, 10) corresponding to radial (R), longitudinal (L) 
and torsional (T) vibration modes with n = 0 and Beam-like (B) flexural modes with n =1. 
 
Figures 2a and b show the vibration spectra of the SWCNT with 2=n  to 5. Specifically, in Fig. 2a 
eVDtorsion 8.0= and bendingD  grows from eV5.1  to eV2 and to eV5.2  while in Fig. 2b eVDbending 2=  
32 and 
torsionD   rises from 0 to eV8.0 and to eV2.1 . It is seen in Figure 2a that the vibration spectra with 2=n to 5 are 
quite sensitive to the change of bending stiffness. Similarly, Figure 2b demonstrates the sensitivity of these 
dispersion curves (i.e., f - xk curves) to the change of off-plane torsion stiffness at 0>xk . It is noted that these 
variations become more sensitive to the changes of bendingD  and torsionD  when the circumferential wave number n 
increases, i.e., the circumferential wave length decreases. In view of theses results one can readily extract the 
values of bendingD  and torsionD  by fitting the present shell model to available atomistic models for the vibration 
spectra of SWCNTs with 2=n  to 5 .  
In Figure 3 we show a comparison between the 2D shell model with eVDbending 2= and eVDtorsion 8.0= , and the 
aforementioned three existing models [29-31] for the vibration spectra of the (10,10) SWCNT associated with 
2=n to 5.  It can be seen that the 2D shell model with the speci fic values of bendingD and torsionD  is in very good 
agreement with the published atomistic models [29-31]. Specifically a detailed analysis indicates that this 
combination of eVDbending 2= and eVDtorsion 8.0=  gives the best fit of the present shell model to the three 
existing models. Since the vibration spectra with 2=n to 5 are very sensitive to the values of  bendingD  and  
4 
torsionD  the good agreement shown in Figure 3 reveals that a SWCNT (10, 10) indeed behaves like a 2D elastic 
shell with nonzero bendingD  and  torsionD . This is clearly different from the previous conclusion of zero torsionD  [26] 
obtained based on the TersoffBrenner potential [23-25]. This discrepancy can be explained by the fact that 
nonzero off-plane stiffness is generated due to the effect of p -atomic bond on the off-plane deformation [33] 
which cannot be accounted for by the Tersoff-Brenner potential [33]. Furthermore, it is also noticed that 
eVDbending 2= , eVDtorsion 8.0= , 
2/350 mJKextension =  and 2.0=n (i.e.,
2/146
)1(2
mJKK shearshear =+
=
n
 ) in the 
present model satisfy Condition (1) and result in the effective thickness nmh 1.0»  for SWCNTs. In other words  
continuum 3D shell model with well-defined effective thickness is applicable to SWCNTs. 
 
Figure 2 The vibration spectra of SWCNT (10, 10) given by the 2D elastic shell model with 2=n to 5 and (a)  
eVDtorsion 8.0= and =bendingD  eV5.1 (dashed lines) to eV2 (solid lines) and to eV5.2 (dotted lines) and (b) 
eVDbending 2=   and 0=torsionD  (dashed lines), 0.8eV (solid lines) and 1.2 eV (dotted lines) . 
 
 
 
Figure 3. The comparison of the present 2D elastic shell model (solid thin lines) with (a) the lattice dynamics model (solid 
coarse lines) in [30], (b) the continuum model (dotted lines) in [31], and (c) the lattice dynamics model (dotted lines) in [32] for 
circumferential modes of SWCNT (10, 10) with n = 2 to 5.  
5 
4  Conclusions 
The present work shows that an SWCNT can be modeled as a 2D elastic shell with their deformation governed by 
four independent elastic constants, i.e., bending stiffness, off-plane torsion stiffness, in-plane stiffness and 
Poisson ratio (or in-plane shear stiffness). This 2D shell model with appropriate values of elastic constants can be 
efficiently used to describe the phonon-spectrum of SWCNTs. Different from the conclusions in the literature [26] , 
we found that the off-plane torsion stiffness of a (10,10) SWCNT cannot be zero and that the validity of a 3D 
isotropic shell theory for SWCNTs with the effective wall thickness of 0.1nm can be well justified by the 
satisfaction of Condition 
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